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Abstract. We construct the energy operator for particles obeying infinite 
statistics defined by a q-deformation of the Heisenberg algebra. 



The aim of this paper is to construct the energy operator for particles obeying 
the so-called infinite statistics. This topic was studied in 1 , where a conjecture 
was formulated concerning the form of the energy operator. Our main result is a 
proof of this conjecture in a slightly modified form (c.f. Remark 1). 

Infinite statistics is defined by the (/-deformation of the Heisenberg algebra, i.e., 
for all k, £, 

a(k)a\£) - qa){l)a{k) = 8 k ,t , (1) 
o(fc)|0) = 0, (2) 

where {a(k)} represents a set of annihilation operators, a'(k) being their adjoints. 
A state Xk is uniquely specified by an ordered n-tuple k = (fci, . . . , k n ), where we 
assume for simplicity fcj ^ kj, for all so that 

x k = a\k n ) ■ ■ ■ a\ki)\0) . 

Any other state which can be obtained by applying an arbitrary monomial in the 
creation and annihilation operators on the vacuum can be transformed using Q 
and J2)l into a linear combination of the x k . 

In order to show that these states build a Hilbert space JC(q), for a given q, one 
has to prove that the corresponding inner product (x k , xe) yields a hermitian form, 
i.e., that the infinite matrix A(q) = {{x k ,x^)} is positive definite. 

Let us consider the inner product between two states x k — a'(k m ) ■ ■ ■a^(ki)\0) 
and X£ = a t {£ n ) ■ ■ ■ a^(£i)\0). This is easily seen to be zero unless m = n and € is a 
permutation of fe, so that 

for(fe),Sfe) = (0|a(fc 7r(1) ) • ■ ■a(fc 7r(n) )a t (fc„) • ••a t (fci)|0) = q IM ; 

or, consequently 

where I(ir) denotes the number of inversions of it, i.e., 

n 

I (it) — Card{l < i < n | i < j and ir(i) > ir(j)} . 

3 = 1 

So the Hilbert space decomposes as an infinite direct sum 

«(e) = 00^n, fe (g) , 

n>0 fe 

relative to which A(q) decomposes as 

A(q) = ® n >Q®kA nM (q) . 
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where k denotes the unordered n-tuple {k\, . ..,&„}. Each of the terms in these 
sums is finite dimensional and A n ^ does not actually depend on k 

A njk (q)(TT,a) = A n (q)(n,a) = q 1 ^^ , Vtt, a G ©„ . 

The positive definiteness of A n (q), for — 1 < q < 1 has been proven by D. Zagier 
PP who showed that 



det A n (q) = Y[(l-q k2+k y 



k=l 

from which it follows that A n (q) is non-singular for all complex numbers q except 
the JV-th roots of unity, for N = k 2 + k = 2, 6, 12, . . . , n 2 + n. He also gave an 
explicit description of A n 1 {q) and conjectured that 

A-\q) G ^-M nI (Zfe]) , A„^(l-g 2 )(l- g 6 )...(l-q" 2 +") . 

We begin by introducing the following notation. If 6 n is the group of permu- 
tations of n elements we will denote by T±k the particular elements which send 
[1, 2, ... ,71] to [fc, 1, . . . , k — 1, k + 1, . . . , n], i.e., 

{k, if z = 1 

if 1< % < k 
i, if k < i < n 

and by & n ,p the following subsets of & n : 

&n, P = W G 6„, with cr = T lkl T lk2 ■ ■ ■ Tik p , I < h < ■ ■ ■ < k p < n} . 

We will also consider particular elements in the group algebra 



C[6„] = | J2 



t n G C 



of the form 

c* n = 5] A(P,1)P= E 9 /(rt P, (3) 
pee„ pgs„ 
(We have considered g fixed and omitted it from the notation.) Then, according to 
PP, a n is invertible in the group algebra if A„ ^ and a" 1 will be given by 

a- 1 = ^(p^p . (4) 

p66„ 

Let £ be the energy operator of particles obeying infinite statistics, defined by 
the commutation relation (1) in [Q. £ acts on IK(g) and each xg, is an eigenvector 
of £ satisfying the eigenvalue equation 

n 

^aHl n )...a\l 1 )\0)=Y J E(iiW(tn)---a\l l )\Q) , (5) 

»=i 

where E(£i) is the energy of a particle with momentum ^. 
Theorem 1. TTie energy operator £ /ias i/ie /orm 

£ = $> 



n>l 



with 



kx,...,k n -rrG&n i=l 
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where the coefficients Ci(q,ir) are given by 

n 

^c l (g,7r)X l - 1 7r = a- 1 (l-gAT 1 2)(l-g 2 Xr 1 3) ■■■ (l - q^ 1 XT ln ) £ C[X][S„] 

7VG& n i = l 

or, explicitly, 

Ci(?,7r) = (-If- 1 ]T K\<i){^T)A n {q){T,l), 

T£6„,i_i 

for all 7r £ & n , 1 < i < n. 

Remark 1. The theorem agrees with Zagier's conjecture in pQ except that he has 
E(ki) instead of E(k 7T ^). Thus the formulas agree if (and only if) 

Ci(q,Tr) = c w{l) (q,Tr) , 

in for all 1 < i < n, n £ & n . This is true for n < 4, but we do not know if it holds 
in general. 

Remark 2. Although £ contains an infinite sum, when applied on a given n-particle 
state, only the first n terms will give a nonzero contribution. 

Remark 3. For q = this agrees with the results of O. Greenberg [5], who gave 
an expression for the energy operator of the form 

i 

where the number operator n(i) is given by 

n(i) = a^(fci) ■ ■ • (k s )a\i)a(i)a(k s ) ■ ■ ■ a(fci) , 

s>0 ki As, 

with obvious notation. 

To prove this theorem we need some preparation. We know from 1, that the 
Hilbert space of states splits into an infinite direct sum of finite dimensional 

blocks. Each block is determined by the unordered n-tuple {k%, . . . , k n }, whereas 
a particular state in it is specified by an ordered version of that n-tuple. In other 
words, we identify the Fock space states with ordered sets K = [k%, . . . , k n ]. For 
such a finite ordered set A we denote by s(A) and 1(A) respectively the smallest 
and the largest element of A. Ordered sets can be concatenated, e.g., if we consider 
two disjoint ordered sets A\ and A^ we can form a new ordered set A\ U A2, such 
that if Oi £ Ai then a\ < 02- Also, if B is a subset of an ordered set A, one can 
form the ordered set A — B. Moreover, we can invert the order of a given set, the 
new one being denoted by A. 

The permutation group & n acts naturally on the ordered sets of n elements; and 
this action extends to an action of the group algebra C[6„] on the vector space £ 
of formal linear combinations of such sets. If A is a given ordered set and a £ & n 
we define Ia(o~A) = 1(a). 

We conclude these general considerations by introducing a linear evaluation map 
£ acting on L[X] and defined by 

{(crAX 1 - 1 ) = E((aA)(i))crA . 

In order to be able to determine the coefficients Ci(q, ir) in 10, we have to under- 
stand how the energy operator £ and, in particular, each £ p acts on an arbitrary 
state. For that we will need two steps. 
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Proposition 1. The action of the p- particle term of the energy operator on given 
n-particle state K is given by 

E P K = i(x n -' p g lK ( {K - J)UJ ) (K-J)U R p (q,X)j) , (7) 

JC-KT 
|J|=J> 

where 

v 

R p (q, X) = a p ^2J2 c ^ n)**' 1 * > (8) 

TrGSp i=l 

for all 1 < p < n. 

Proof. To begin with, let us consider the case p — n. We have (PQ,§2) 

o(fci) • • • a{k n )a\i n ) . . . at(4)|0) = 1 I(a)s k^ w ■ ■ ■ **„l.c») 1°) • 

Thus, applying £„ on an n-particle state we obtain 

n 

l n K= ^2q I(a) Ci(q,n)E((aTTK)(i))awK 

n 

= *( E E^^^)^ 1 ^) 

We must now determine how a generic term £. p acts on the n-particle state. Its 
action can be described in the following way: it chooses a subset J C K , J| = p, 
such that the p annihilation operators of £ p will "contract" with the p creation 
operators of J, leaving the remaining creation operators of K in unaltered order i.e., 
characterized by the set (K — J). This yields a new n-particle state, characterized 
by the permutation (K — J) U J multiplied by the numerical coefficient incurred in 
by repeated application of the commutation relation (1) in pQ and which is given by 

qi K {(K-J)uj) Q\ eas \y, R p (q,X) acts now on J and, because the evaluation map £ 
is defined on the whole n-particle state, we have to shift the polynomial in X by a 
common factor X^ K ~ J ^ = X n ~ p in order to obtain the correct energies. Hence, it 
follows that 

E p K = t(x n -P q lK ( (K ~ J)UJ h K ~ J)UR p (q,X)j) . 

JCK 
IJ\=V 

□ 

Proposition 2. The action of the group ring element R p (q,X) on the ordered set 
J is given by 

R p (q,X)J= ? ;j ( ru(J - i, )(Iu(J-L))(-l) |i| . (9) 

LCJ 
s(.I)<£L 

Proof. We shall essentially show that © yields the correct energy operator, i.e., that 
it satisfies the eigenvalue equation. Therefore, we insert R p (q,X) in the expression 
for £ p and we compute 

E p K = ^X n ~ p E q lK ^ K ~ J)U ^ +lj ^ U{J ~ L) \{K~J)ULu{J-L)){-X) m ) . 

JCK LCJ 
\J\=P s{J)£L 

But, obviously, 

I K ((K- J)U J) +Ij(LU(J-L)) =I K ((K-J)ULU(J-L)) , 
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such that we obtain 

£ p^ = ^(E E (-l) lL{ q lK ( (K ~ J)uTu{J ~ L) h(K-J)ULu(J-L))X n -P+M) , 

JCK LCJ 
\J\=P s(.J)gL 

For given J and L, we consider those terms in the sum which are characterized 
by l(K — J) > l(L). Then the corresponding set can be viewed in another way, 
namely, 

(K - J) UL U (J - L) = {{K - J) - {l(K - J)}) U ({l(K - J)} Ul) U (J - L) , 

having now l(^(K — J) — {1{K — J)}j < l({l(K — J)} U Lj and thus corresponding 

to another set which contributes as well to the sum. As one can easily see, these 
two terms will occur with identical coefficients but with opposite signs and will 
therefore cancel. 

Thus, it only remains to discuss the case L = 0. If l(K — J) > s(J), then we 
can proceed analogously, writing 

(K - J) U U J = {{K - J) - {1{K - J)}) U {l(K - J)} U J , 

such that we obtain the usual cancellation. But if 1{K — J) > s( J), then (K — J) U 
J = K, and we finally obtain 

n 

P =i 

= ^(E E q lK ^ K - ,)UJ ) (K-J)UJ X n -P) 

p=l JCK 

\J\=V 

n 
i=l 

□ 

Now we are ready to prove the theorem stated at the very beginning. 

Proof of the Theorem. Let us return now to the usual permutation language. One 
can easily see that the permutations of the form L U (J — L), with \L\ — s can be 
written as T\ mi . . . T\ rris , with 1 < mi < • • • < m s < n, so that 

n-l 

R n (q,X) = J2 E (-l) s 9 (mi - 1)+(m2 - 1)+ - +(m8 - 1) X s T lmi ...T lma , 

s— l<mi<---<m B <n 

where we used the fact that I(Tik) = k — 1. 

Now we only have to identify this expression obtained for R n {q,X) with its 
definition JHJ, and we obtain the desired result; that is, the generating function for 
the coefficients Ci(q,ir) is given by 

n 

^c l (<7,7r)X^V = «- 1 (l- g XT 12 )(l- (? 2 XT 13 )--.(l- (? "- 1 XT 1 „) , 
with a n given by J3J). 
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The coefficients Ci(q,ir) can be also given in another equivalent form. Using @, 
the right-hand side of the equation above can be written as 

n 

vo>.iv)(E E (-^-^(Tr.ij^-v) 

n 

1=1 »£6„ 

where we made the substitution a = pir £ 6„ and we used the fact that A~ 1 (a, n) — 
A~ 1 (air^ 1 , 1). Thus, identifying with the left-hand side, we obtain 

c i (g,cr) = (-l) i - 1 J] ^V,?0AM). 

It only remains to show that the solution obtained is unique. First of all it is 
obvious that the form JSJl of the energy operator is the most general which can 
be assumed for such a system, so that we only need to consider the possibility of 
having another set of coefficients c*(q, ir), such that the corresponding £* yields the 
same eigenvalue equation. Hence we must have (£ — E*)K = 0, VK . If we consider 
a 1-particle state, we imediately obtain Aci(g, 1) = cx(q, l) — c*(q, 1) = 0, for n = 1. 
Assume now Acj(g, n) = 0, for all 1 < i < p , n G 6 P in all orders 1 < p < n — 1. 
Then for an n-particle state we will have (£ — E*)K = (£„ — E* t )K = 0. But, on 
the other hand 

n 

(£„ - E* n )K = ( ]T g^^JAcifeTr^WOJp)!: . 

P,7r6e„ i=l 

Taking into account the fact that p and E(p(i)) are linearly independent we get 
A n (q)(p,Tr)Aa(q,w) = Mp e 6 n , 1 < i < n . 

Since A n (q) is invertible, it follows that Aci(g,7r) = 0. Hence the energy operator 
is uniquely determined. □ 
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